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Abstract
Structural optimization for reinforcing the anti-vibration characteristics of the generators in the en-
gine room of a ship, is presented. To improve the vibration characteristics of the structures, topology
optimization methods can be eective because they can optimize the fundamental characteristics of the
structure with their ability to change the topology of the target structure. Topology optimization is used
to improve the characteristics of the anti-vibration reinforcement of the generators in the engine room.
First, an experimentally observed vibration phenomenon is simulated using the nite element method for
frequency response problems. Next, the objective function used in topology optimization is set as the
dynamic work done by the load based on the energy equilibrium of the structural vibration. The opti-
mization problem is then constructed by adding the volume constraint. Finally, based on nite element
analysis and the optimization problem, topology optimization is performed on several vibration cases to
improve their performance and reduce weight.
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1 Introduction
Anti-vibration characteristics are one of the most important design factors in the structure of ships. A ship
experiences various serious vibrations during its operation, from the sea waves outside to internal sources
such as the main engine or generators. The most important issue is to prevent serious damage by avoiding
resonance of the ship's hull in a bending mode oscillated by external waves. In addition, resonance resulting
from vibrations in the engine room can create an unpleasant environment for the crews. Details on this can
be found in comprehensive textbooks [1, 2].
Historically, various methods have been proposed for analyzing the bending vibration of ships' hulls using
basic mechanics such as beam theory [1, 2]. Subsequently, with the development of computer technology,
the nite element method [3, 4] was introduced to the vibration analysis of the structure of a ship. Initially,
approximation techniques for a ship's structure in vibration analysis were used because of the performance
limits of computers [5, 6, 7]. However, recent developments in computer performance enable us to perform
comprehensive computation of the vibration of the ship's structure using a detailed structural model [8, 9].
Moreover, in the development of technology for simulating a ship's performance, including vibration
analysis, some optimization techniques were introduced into the design of ships using these simulation results.
This topic was studied in various elds related to ship building such as hull form design for hydrodynamic
performance [10, 11], multidisciplinary objectives [12] and fresh water tank design to avoid local resonance
of the hull [13]. Structural static design is also an important topic in design optimization, for example, the
optimization of a partial mid-ship structure by Rahman and Caldwell [14], Kitamura and Uedera [15] and
Kitamura et. al. [16], and the optimization of panel and girder designs by Rahman [17, 18, 19]. In the
context of anti-vibration design, the optimization of the plate thickness of a ship's hull around the engine
room has been reported [8].
Structural optimization techniques used in this research are classied into the following three categories:
size, shape and topology optimization. Of these, topology optimization [20, 21, 22] can optimize the funda-
mental characteristics of the structure because of its ability to change the topology (number of holes) of the
target structure. However, in the context of marine structures, little research has been reported. Rais-Rohani
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and Likits developed a layout design methodology for reinforcing submarine structures based on topology
optimization [23].
In this research, we optimize the reinforcing shape of the engine room using topology optimization to im-
prove anti-vibration characteristics in bulk cargo ships. Generators, as well as the main engine, can be serious
vibration sources. Thus, their supporting structures have an important role in creating a good environment for
the ship's crew. This research is performed using the following processes. First, an experimentally-observed
vibration phenomenon is simulated using the nite element method for frequency response problems. Next,
the objective function used in the topology optimization is set as the norm of the amplitude vector, corre-
sponding to the load input points, and approximately representing the dynamic work done by the load. The
optimization problem is then constructed by adding the volume constraint. Based on nite element analysis
and the optimization problem, topology optimization is performed for several types of vibration conditions
using the commercial software, Optistruct (Altair Engineering, Inc., Troy, Michigan, USA.). Finally, by com-
paring the optimized results with the original results, the validity and utility of the proposed methodology
were conrmed.
2 Design target
In this research, we intend to generate optimal reinforcement of the generators to reduce their vibrations.
Generators can cause relatively higher frequency vibrations than the main engine. The design optimization
is performed based on the actual structure of a ship using the vibration experimental data. The target ship
is a G.T. 92,900 t bulk carrier and its generators have a 675 kW output with ve cylinders. The generators
are located on the third deck in the engine room. They were mounted to the deck without anti-vibrating
supports such as exible bushes. The model for the part used in this research is shown in Fig. 1. Mechanisms
for the generators' vibrations are the vibration of the base plate by the vertical periodic force created by
the crank movement of the diesel engine driving the generator. We dene the vibration reduction problem
as the minimization of the amplitude of the plate vibrations around the generators. Because the direct way
to suppress the vibration of generators is to strengthen their supporting structure, excess reinforcements are
3
placed under the third deck, in the current design, to reduce the vibration. The bottom reinforcement is
usually composed of several transverses and girders.
Because the model shown in Fig. 1 was based on an actual ship, several details of the structure have been
omitted for condentiality reasons. The structure modeled only part of the 3rd deck supporting the generators
when performing the detailed vibration analysis around the generators. Because the actual structure was
surrounded by the inner hull plates, the stiness contribution of the surrounding structure to the current
model was modelled as the ground spring. This implementation of the ground spring element is performed
by adding the spring rate value to the stiness matrix of the parts corresponding to the nodes at the
boundary between the current model and the surrounding structure [24]. The size of the model was about
L:7200W:11200H:5500 mm as the maximum length in each axis. The model was composed of nine oors
and seven girders. The thicknesses of the transverses and girders were 12 and 9 mm. The base plate of the
3rd deck was 20 mm. Several stieners were also included in the model. The total weights of the whole
model and the design target structures shown in Fig. 1 were about 46 and 13.5 t excluding the weights of
the generators.
The size of the placement plane and weight of the generators were about L:3600W:850 mm and 14380
kg. The generators were handled as non-structural masses in the model. The weights of the generators were
distributed over their placement areas. The generators were numbered 1-3 as shown in Fig. 1.
The bottom reinforcement of the structure was set as the design target in this research. The detailed
shapes are shown in Fig. 1. The transverses were numbered T1 to T7 from stern to bow. The girders were
numbered G1 to G6 from right to left.
3 Vibration analysis
3.1 Equation for the steady state response
The vibration propagation from the generator can be regarded as a steady state propagation of a sinusoidal
periodic force. That is, this phenomenon is solved as a frequency response problem of the ship's structure as
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Figure 1: Outline of the analysis and design target model.
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a function of the periodic load from the generator. The calculations for the problem were performed using
the Finite Element Method (FEM). The discretized form for the vibration equation of the structure under a
periodic load is represented as follows:
(K  !2M)u = F (1)
where K and M are the stiness and mass matrices, u and F are the amplitude and load vectors and ! is
the angular frequency of the input load.
3.2 Vibration measurement and analysis results for the original structure
First, the experimental data for the vibration around the generator were reviewed. The vibration from the
generator was dominated by 30 Hz oscillations corresponding to the second order vibration of the generator
crank. The vertical vibration was measured at six points on the deck around each generator using uni-axis
accelerometers. The measurements were performed when the ship was in harbor and the main engine was
stopped. As vibration cases, the following six patterns were considered: Cases 1-3, generators No.1, 2 or 3
working singly; Case 4, generators No.1 and 2 both working; Case 5, generators No.1 and 3 both working;
Case 6, generators No.2 and 3 both working. Figure 2 shows the averaged acceleration amplitudes at the
measurement points for each generator as black bars. For condentiality reasons, normalized values based
on the average values are used in this paper.
Vibration analysis was then performed for the normal structure. The FEM model was constructed based
on the structure shown in Fig. 1 using 170,010 rst order 4 node quad shell elements. The total degrees
of freedom of the model is 974,292. Several parameters for the vibration simulation were set based on the
vibration test. The periodic load applied to the base plate from the generator can be regarded as the inertia
force of the generator. This value was calculated as 9000 N by multiplying the weight and the measured
acceleration of the generator. This load was applied to the model as a sinusoidal distributed load with the
same phase on the placement plane. The frequency of the periodic load was set to 30 Hz which corresponded
to the second order vibration of the ve cylinder generator. The same points were used as the evaluation
points in the numerical analysis. The ground spring values set at the points corresponding to the welding
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points of the ship's shell were adjusted to match the analysis results to the experimental results. All FEM
calculations were performed using Optistruct (Altair Engineering, Inc., Troy, Michigan, USA.). Analysis
results are shown in Fig. 2 using the gray bars. The normalized acceleration amplitude values were also used
in the analysis results.
Although, strict matched results were not obtained, the vibration propagation from the source generator
to the other generators was simulated, except for Case 5. In the experimental data of the Case 5 vibration,
the vibrations from No. 1 and 3 generators seemed to be blocked by No.2 generator. In the actual ship,
No. 2 generator may have strong support behind it. However, in our modeling, because the constant spring
rate was set around the analysis model, such local strong support could not be represented. Considering the
simplicity and the good matching in the other ve cases, we accept this analysis model for the optimization
study. The average errors between the experimental and numerical results in each case were about 10%
except for Case 5. We performed the optimization under the assumption that if the vibration performance
of the analysis model was improved to a certain level, the performance of the actual ship was also improved
at the same rate on average, although both have about 10% errors.
Figure 3 shows the deformed structure in each vibration case, and all vibration shapes have one anti-node
on the third deck plate. Thus, all vibrations of the third deck plate may be dominated by the rst order
vibration. The frequency response performance was also checked because if the eigen frequency was close to
the input vibration frequency, the optimization could be unstable. Figure 4 shows the average amplitude at
the vibration input points obtained by varying the input frequency from 0 to 60 Hz. In all vibration cases, the
dominant vibration frequency, 30 Hz, was adequate for the resonance frequencies. Thus, stable optimization
should be achievable.
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Figure 2: Comparison between vibration measurements and analysis results. Cases 1-3, generator No.1, 2 or
3 working singly; Case 4, generators No.1 and 2 both working; Case 5, generators No.1 and 3 both working;
Case 6, generators No.2 and 3 both working.
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Figure 3: Deformation shapes of the 3rd deck. Red indicates large deformation.
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Figure 4: Vibration measurement and analysis results. Cases 1-3, generator No.1, 2 or 3 working singly; Case
4, generators No.1 and 2 both working; Case 5, generators No.1 and 3 both working; Case 6, generators No.2
and 3 both working.
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4 Topology optimization
4.1 Interpolation Method
Topology optimization was used as the geometrical optimization method for the anti-vibration reinforcement
of the generators, because this method can perform fundamental optimizations including shape and topology;
viz., the number of holes. The fundamental concept was to introduce a xed, extended design domain D that
included a priori the optimal shape 
opt, that is, 
opt  D, and used the characteristic function:
(x) =
8>><>>:
1 if x in 
opt
0 if x not in 
opt
(2)
The original design problem for the target shape is replaced by a material distribution problem incorporating
a physical property, A, in the extended design domain D, where A is an arbitrary physical property of the
original material of the target shape. In this problem, A is Young's modulus and mass density. In short,
the optimal shape 
opt is represented as the set of x satisfying (x) = 1. Unfortunately, the optimization
problem did not have any optimal solutions. One way to address this problem is to introduce a homogenization
method [20, 21]. Through this process, the original material distribution optimization problem with respect
to the characteristic function was replaced by an optimization problem of a \composite" composed of the
original material and a material with very low physical properties that mimic voids with respect to the
density function. This density function represented a fraction of the volume of the original material. In this
procedure, the relationship between the material properties of the \composite" and the density function must
be dened. The Solid Isotropic Material with Penalization (SIMP) method is the most popular approach,
which sets a penalized proportional material property [25, 22]. The basic idea of SIMP is to use a ctitious
isotropic material whose Young's modulus E and mass density  are assumed to be a function of the penalized
material density d as follows:
E = d3Eo; (3)
 = d; (4)
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with
0  d(x)  1; (5)
where the upper asterisk represents the interpolated value of the physical properties.
4.2 Optimization Problem
The aim of this study was to generate a structure with anti-vibration characteristics. We regarded the
vibration suppression as a reduction in the acceleration amplitude vector in the frequency response problem
represented in Eq. (1) around the base plate of the generators. According to the deformation shapes of the
vibrations shown in Fig. 3, because the vibration was dominated by the rst mode, the amplitude reduction
for the whole structure should have been eective for our purpose. For such a design objective, the dynamic
compliance which was equal to double the sum of the kinetic and strain energies was proposed by Ma et.al.
[26] as follows:
FTx = xTMx+ xTKx (6)
where x is the displacement vector. The above equation was obtained by multiplying the usual dynamic
equation Mx+Kx by xTdt and integrating with respect to t.
In the usual topology optimization, dynamic compliance has the advantage that the adjoint equation does
not need to be calculated because it is a self adjoint function in terms of sensitivity analysis. Unfortunately,
this dynamic compliance cannot be handled as the objective function in topology optimization using the
commercial software Optistruct which was used in this research. Thus, the objective function was replaced
as the norm of the amplitude vector at the loading points. Because the force vector F had non-zero values only
at the components corresponding to the loading points, if the load values were constant at every loading point,
the minimization of the square of the norm of the amplitude vector could directly lead to the minimization
of the dynamic compliance. By introducing a volume constraint, the optimization problem was formulated
as follows:
Minimize jjuinput(d)jj2 = uTinputuinput (7)
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Subject to
Eq. (1)
V (d)  Vmax (8)
0  di  1 in d = [d1; :::; dn] (9)
where uinput is the local amplitude vector corresponding to the loading points, V and Vmax are total volumes
of the designed structure and its maximum value respectively and d is the design variable vector.
4.3 Algorithm
The optimization was performed using an algorithm incorporating the sensitivity calculation and updating
the design variable using the Convex Linearization Method (CONLIN) [27]. The optimization algorithm is
presented in Fig. 5.
The sensitivity of the local amplitude norm with respect to i-th design variable di is calculated as follows:
@uTinputuinput
@di
=  ~uT

@K
@di
  !2 @M
@di

u (10)
where
uinput = Hu (11)
2uTHTH  ~uT (K  !2M) = 0 (12)
and H is an index matrix determining the local amplitude vector at the loading points from the global
amplitude vector and ~u is an adjoint variable. The detailed derivation of these equations is shown in the
Appendix.
5 Optimization studies
Topology optimization is performed for the target structure shown in Fig. 1. The bottom reinforcements
of the structure shown in Fig. 1 are set as the design domain for the Topology optimization. The volume
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Set an initial value of design variable d
Calculate the amplitude by solving
Eq. (1) using FEM
Calculate the objective function
and the volume
Calculate the adjoint variables  by solving
Eq. (12) using FEM
Calculate the sensitivities of 
the objective function and the constraint.
Update design variable d using CONLIN
Converged?
End
Yes
No
Figure 5: Flow chart of the optimization algorithm.
constraint is set based on the maximum total volume obtained by multiplying the area of the design domain
parts by their thickness. The convergence criterion is set to be when the variation rate of the objective
function becomes less than 10 6.
5.1 Optimization for each vibration case
To conrm the validity of the proposed optimization, it was performed for each vibration case identied in
Fig. 2. The volume constraint was set to 60% of the original volume of the reinforcement parts. However,
the maximum thickness of the plate was set to 5/3 times the original thickness. Thus, 60% of the volume
of the design domain corresponded to the total volume of the design domain with the original thickness.
According to these settings, we were able to conrm the performance improvement from the original design
by the optimization for the same volume.
Optimizations were performed for each of the six vibration cases. We rst focused on the optimization for
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Figure 6: Convergence history for the topology optimization of the vibration Case 1 in which only No. 1
generator was working.
Table 1: Rate of increase of the norm of the average acceleration amplitude vector at the location of each
generator and its average value by optimization for each case [%]. Negative values indicate vibration reduction.
Measuring points (No. of generators)
No. 1 No. 2 No. 3 Average
Vibration cases
Case 1 -13.6 -34.3 -83.8 -26.6
Case 2 -35.7 -25.4 -35.9 -29.5
Case 3 -83.7 -34.5 -15.3 -27.5
Case 4 -22.6 -27.6 -45.7 -28.8
Case 5 -24.0 -34.6 -24.0 -27.6
Case 6 -45.7 -27.7 -22.8 -28.8
vibration Case 1. Figure 6 shows the convergence history of the objective function. A smooth reduction of
the objective function was observed until the convergence at the 26th iteration. Figure 7 shows the optimal
congurations. Both the outline and the detailed shape of each reinforcement are shown. The reinforcements
were concentrated under the working generators. Table 1 shows the performance improvement calculated as
the rate of increase of the norm of the average acceleration amplitude vector at the location of each generator
and its average value. Acceleration amplitudes were reduced in all cases and the vibration performances were
improved. The optimization results for the other vibration cases are also outlined Fig. 7 and Table 1. We
conrmed the optimization worked well for all the vibration cases.
5.2 Optimization for a general vibration case
Because the optimizations were performed for each case in the previous example, the optimal results obtained
cannot be used as an actual ship's structure. In the actual running of the ship, working generators were
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Figure 7: Optimal congurations obtained by topology optimization for each vibration case. Cases 1-3,
generator No.1, 2 or 3 working singly; Case 4, generators No.1 and 2 both working; Case 5, generators No.1
and 3 both working; Case 6, generators No.2 and 3 both working. The red color represents the steel structure
and the blue color represents a hole as shown in the colorbar. Detailed shapes for the optimal reinforcement
are shown only for the results of Case 1.
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changed and we could not specify which for any specic case. During the voyage, any one or two generators
work according to conditions, by rotation. In other words, all cases must be considered in the optimization.
The straightforward way for handling dierent vibration conditions in one optimization problem is to integrate
all conditions using the weighting coecient method. However, this approach results in large computational
cost for six nite element analyses in each of the optimization iterations and can lead to poor convergence.
Consequently, we introduced the vibration case for all of them working simultaneously as a general case
considering all the generators. The periodic forces were applied to every generator and the objective function
was set as the norm of the amplitude vector corresponding to all the generators, which has the same physical
meaning as the dynamic work done by the load of all the generators. The plate thicknesses were set to
be the same as in the previous example. We performed optimizations under 60%, 55% and 50% volume
constraints. Because the 60% volume constraint corresponded to the original weight, the 55 and 50% volume
constraints represented generating designs within 55=60 = 92[%] and 50=60 = 83[%] of the original weight.
About 13:50:08 = 1:1 t and 13:50:08 = 2:3 t weight reduction was achieved through these optimizations.
Figure 8 shows the optimal congurations. Supports were applied under all the generators. The side and
center part of large transverses T1-T5 were removed for weight reduction. Because the direction of vibration
of the generators was vertical, side supports did not seem to be important. Moreover, the transverses T6
and T7 were almost removed except for the side parts. This means the T6 and T7 parts were excessive for
vibration suppression because they were outside the location of the generators. In the case of the girders,
the back parts were removed because, similar to transverses T6 and T7, they were outside the location of the
generators. Table 2 shows the performance improvement calculated as the increased rate of the norm of the
average acceleration amplitude vector at the location of each generator, and their average value when Cases
1-6 vibrations were applied to the optimal result. In the results for the 60% volume constraint, because the
reduction of the averaged amplitude was conrmed in all the vibration cases, this optimization conguration
was as valid as the general conguration. In the 55% volume constraint optimization, although the vibration
increased for some of the generator positions, the average vibrations were reduced for all the vibration cases.
Thus about a 5% performance improvement was achieved together with about a 1.1 t weight reduction in
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Figure 8: Optimal congurations obtained by topology optimization for the general vibration case which
assumed all generators were working simultaneously. Detailed shapes of the optimal reinforcement are shown
only for the 55% volume constraint results.
this example. In the 50% volume constraint optimization, vibrations reduced and increased by about half
in each case and the averaged vibration was almost equal to the original structure. That is, 2.3 t weight
reduction was achieved while maintaining an average vibration performance.
5.3 Optimization for weight reduction with minimum performance reduction
In the previous example, we used thicker plates than the original to emphasize the optimization eect.
However, when the increase in the plate thickness was not allowable, these optimal congurations could
not be used as an actual design. We then studied the weight reduction problem using the same thickness
plates as the original design. Because the structural stiness performs a more important role for the vibration
performance than the structural mass in a 30 Hz low frequency vibration, the weight reduction of the structure
with the same thickness plate could lead to a reduction in performance. However, this can be minimized
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Table 2: Rate of increase of the norm of the average acceleration amplitude vector at the location of each
generator and its average value by optimization under dierent volume constraints [%]. Negative values
indicate vibration reduction.
Measuring points (No. of generators)
No. 1 No. 2 No. 3 Average
Volume
constraints
Vibration
cases
Case 1 11.6 -19.3 -82.8 -8.4
Case 2 -20.7 2.6 -20.6 -7.2
60% Case 3 -82.7 -19.2 9.9 -9.13
Case 4 -1.8 -3.3 -34.9 -8.1
Case 5 -4.5 -19.5 -4.1 -9.5
Case 6 -35.3 -3.4 -1.5 -8.0
Case 1 15.0 -17.4 -87.4 -6.3
Case 2 -19.7 8.4 -19.4 -3.4
55% Case 3 -87.3 -17.3 15.2 -6.0
Case 4 2.1 1.23 -35.8 -4.8
Case 5 -1.2 -18.5 -0.8 -6.9
Case 6 -36.3 1.0 2.2 -4.8
Case 1 20.9 -13.2 -89.0 -1.7
Case 2 -18.0 14.9 -17.4 1.2
50% Case 3 -88.9 -13.1 21.2 -1.3
Case 4 -6.4 -6.5 -35.9 -0.8
Case 5 2.7 -16.7 3.3 -3.7
Case 6 -36.6 6.3 6.7 -0.7
through the optimization.
We performed optimizations by setting the volume constraint at 90, 80, 70 and 60% of the original
structure. Table 3 shows the performance improvement calculated as the rate of the increase in the norm of
the average acceleration amplitude vector at the location of all the generators when the vibrations of Cases
1-6 were applied to the optimal result. Figure 9 shows the optimization results for each volume constraint.
The performance clearly decreased as the volume constraint became smaller. The 90% volume constraint
results showed almost the same performance as the original results. This indicated that about 10% of the
parts was wasted in the context of vibration reduction performance. Other results can be used for the weight
reduction of the structure if the structure performance margin is over the criteria limit. For example, up to
the 70% volume constraint, the performance reductions were within 10%. When the structural performance
has a greater than 10% margin above the criteria limit, this method might be useful for designing a weight
reduction of up to 70% of the weight of the original design.
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Figure 9: Optimal congurations obtained by topology optimization with the original plate thickness for
the general vibration case. Detailed shapes of optimal reinforcement are shown only for the 70% volume
constraint results.
Table 3: Rate of increase of the norm of the average acceleration amplitude vector at the location of all the
generators by optimization for dierent volume constraints [%]. Negative values indicate vibration reduction.
Vibration cases
Case 1 Case 2 Case 3 Case 4 Case 5 Case 6
Volume
constraints
90% 0.0 1.1 0.0 0.7 0.0 0.6
80% 1.1 3.7 1.6 3.1 1.3 1.4
70% 4.4 9.2 5.1 7.2 4.3 7.4
60% 13.0 18.0 14.2 14.0 9.6 14.3
50% 28.2 28.2 30.0 24.2 18.4 24.7
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6 Conclusions
In this research, we optimized the reinforcement shape of the engine room using topology optimization to
improve the anti-vibration characteristics. The details are as follows:
1. A generator vibration phenomenon observed experimentally was simulated with a small local model
around the generators using the nite element method.
2. The objective function used in the topology optimization was set as the norm of the amplitude vector
corresponding to the input force nodes, instead of the dynamic work done by the load.
3. Topology optimizations were performed for six vibration cases. The performance improvements were
observed in each case.
4. The virtual vibration case for three generators working simultaneously was set as the Topology opti-
mization for a general vibration case. Using 5/3 times the thickness of the original plates, a vibration
reduction of about 8% was achievable. Moreover, by setting the volume constraint to more strict val-
ues, a 1.1 t weight reduction with a vibration reduction of about 5%, and a 2.3 t weight reduction
maintaining the average vibration reduction was achievable.
5. Keeping the plate thickness at the original value, the optimizations were performed for pure weight
reduction with minimum performance reduction. The relationship between the weight reduction and
performance reduction was claried.
Note that, any structural issues were not considered in the proposed vibration optimization. Although the
structural stiness could be increased in the optimization for an adequate range of lower frequencies than
the rst eigen frequency, other structural strength performance characteristics could be decreased through
the optimization. Thus, these issues should be adequately studied in the re-design of the structure based on
the optimization results.
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Appendix
In this appendix, the detailed derivation of the sensitivity in Eq. (10) and the adjoint equations in Eq. (12)
is outlined. First, the Lagrangian is formulated by adding the term composed of the adjoint variable ~uT and
the equations of state in Eq. (1) as follows:
L = uTinputuinput + ~u
T (K  !2M)u
= uTHTHu+ ~uT (K  !2M)u
(13)
Because the second term must always be zero, the Lagrangian must have the same value as the objective
function. Thus, f = L. The derivative of the Lagrangian with respect to the i-th design variable di is
obtained as follows:
@L
@di
= 2uTHTH
@u
@di
+ ~uT (K  !2M) @u
@di
+ ~uT

@K
@di
  !2 @M
@di

u
=

2uTHTH+ ~uT (K  !2M)	 @u
@di
+ ~uT

@K
@di
  !2 @M
@di

u
(14)
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When the adjoint variable satises Eq. (12) the rst term becomes zero and the sensitivity is obtained as
Eq. (10).
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